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The possibility of use of approximate models for calculation of selectivity of consecutive reactions 
is critically analysed. Simple empirical criteria are proposed which enable safer application 
of approximate analytical relations. A more universal modification has been formulated by use 
of which the difference of selectivity calculated by the exact numerical method and by the ap
proximate analytical method is at maximum 12%. 

Majority of industrially interesting reactions in the two-phase systems (e.g. gas-liquid) take place 
as consecutive reactions. This complication causes that also selectivity of formation of the re
quired product must be taken into consideration in calculation of the reactor. The reached 
selectivity is the decisive process parameter as concerns the economy of following treatment 
of reaction products. 

In this study the possibilities of mathematical modelling of selectivity of con
secutive reactions are critically analysed. On the basis of the film theory of mass 
transfer, criteria of validity and use of various approximate models are given. The 
reaction scheme is considered, when the absorbed gas A reacts with the reactant B 
in the liquid at formation of the intermediate product R, which further reacts with the 
dissolved gas at the formation of the final product S according to equations 

A (g) + B (1) ~ R (1) (A) 

R(l) + A(g) ~ S(l) (B) 

When both reactions (A) and (B) are of the first order with respect to both com
ponents it is possible, under assumption of validity of the film theory of mass transfer, 
to write the system of equations in the normalised form 

(1) 

(2) 
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with the boundary conditions 

~=O, a=l; 

dbld~ = drld~ = 0 ; 

~=1, a=ct., 

b=r=l; 
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(3) 

(4) 

"(5) 

(6) 

(7) 

(8) 

The system of Eqs (1)-(8) does not have an exact analytical solution, but it is pos
sible to solve it numerically, as has been done by Van de ''Vusse1 (for ct. = 0) and 
Onda2 (for ct. = 0, r = 0) or by Teramoto and coworkers 3

•
4 for a more general 

case (0: =t= 0) and with the boundary condition (8). 
The more general solution (with the boundary condition (8)) for the enhancement 

factor /3* and thus for the reaction rate N A gives 

(9) 

which is practically identical with the solution for ct. = 0 as can be easily seen from 
the approximative relations for calculation of selectivity (see further on) , but there 
is a significant difference of both solutions in the case of selectivity. 

For expression of the correct selectivity it is thus necessary to solve the model 
with a more general condition ct. =t= O. But introduction of this boundary condition 
into the numerical procedure causes certain complications. The profiles of com
ponents a, b, and r in vicinity of the point ~ = 1* must be correctly numerically 
modelled. 

Numerical solution of the system of Eqs (1)-(8). The method of finite differen
ces6 has been used. Second derivations were substituted by the second central dif
ference and for better computation accuracy the first derivatives were approximated 
for the component A by the back and for the components Band C by forward dif
ferences out of 3 points. The systems of algebraic equations were solved by the Tho
mas method. For the case of continuous operation in the boundary condition for the 
component A in the point ~ = 1 the values a2 have been linearised by the product 
a(k) • ct.(l<+1), where a(k) is the value of a from the preceding operation. 

This is a reason of smaller inaccuracies in numerical data in the paper by Teramoto 3
, 

see Table I of the original study. 
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Approximate solution of the system of equations (1) to (8). For chemical engineer
ing purposes the analytical solution, though approximate seems to be more attractive 
then the numerical. The results of these approximate models are usually sufficiently 
accurate for engineering purposes. 

In the approximate solution of the model (1) -(3), in principle is applied the classi
cal Van Krevelen-Hoftijzer procedure, originally performed for solution of Eq. (A) 
alone. Eqs (1) to (3) are linearized by substitution of values of components band 
r in the reaction terms by constant values, equal to concentrations of these com~ 
ponents on the interface3 .4 

(10) 

The same procedure has been chosen recently by Pangarkar and Sharma 5 • The 
detailed derivation of relations for selectivity ¢ of the intermediate product R, 
defined here* 

¢ = dCRI = ~ = NRf + NRI , 

-dCBI dXB NBf + NBI 

(11) 

where 

(12) 

(13) 

are given in the originalliterature3
• 

It is obvious that the made approximation represents simplification of reality 
which might have an unfavorable effect especially in calculation of selectivity at some 
combinations of parameters of the model. Disagreement with the exact solution 
can be expected especially when the concentration of the component B in the film 
decreases or when the concentration of component R on the interface is small. On the 
contrary it is possible to expect that the agreement between the numerical and ap
proximate model value fJ* would be satisfactory with regard to definition of the 
enhancement factor (Eq. (9)) and to the fact that the concentration profile of com
ponent A in the film is not too sensitive to the approximation (10). 

In original studies where the derivations of the approximate model are presented , 
the ranges of variables for which the agreement of approximate and numerical 
solutions is acceptable are not given. The model has been presented as universal 3

•
4 

with regard to the fact that the error in calculation of selectivities is lower than 8% 

PangarkarS considers the so-called selectivity index 
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and is always on the safe side of the calculation (approximate values are smaller 
than the numerical ones). This information can cause in unconditional application 
of the model serious problems as is obvious from our results. From the already 
published studies has also not resulted the effect of the ratio of reaction rate con
stants (ki/k2) on applicability of the approximate model. 

The applicability of the approximate mathematical model (1)-(8) has been verified 
on numerous computation material in a wide range of variable parameters of the 
model (hi = 0'5-60, s = 1-1 000, M~/2 = 0·2-42) with the limitation (10) and 
with these conclusions: 

1) Model by Teramoto and coworkers3
,4 is suitable for calculation of the enhance

ment factor fi* and the absorption rate with the consecutive chemical reaction. 
The approximate values were not always smaller than the numerical ones, but the 
error did not exceed 3% relative. Positive deviations were found for some values 
s ~ 100 and were in average smaller than 1% reI. The largest negative deviations, 
higher than 2% reI. were found for hi ~ 10. This results are in agreement with the 
conclusions for a simple reaction (A). 

2) Application of the approximation by Teramoto and coworkers3
,4 for calcula

tion of selectivity is limited and the model does not hold universally. The error 
in determination of selectivity depends significantly on the value hi or factor M~/2 
and the value s = hi!h~. At values hi > 10 the error can reach even several 
hundredths of percent, while the deviation can be both negative and positive (largest 
deviations were found just on the dangerous side). The comparison of approximate 
and numerical values for some selected cases is given in Table 1. The greatest errors 
are always for Jow values of s. The minimum errors are met in cases, when the para
meter hi < 5. Nearly absolute agreement can be reached in the case when it is pos
sible to consider the equation (A) to be of the first order. Maximum errors have been 
reached in cases when the reaction (A) can be considered, in the sense of the Danck
werts criteria almost instantaneous. But under these conditions it is possible to obtain 
an acceptable error, when the value s is suitable. Similarly, with the general case 
of the irreversible 2nd order reaction (reaction (A)), according to the combination 
of parameters h1 and s different errors are obtained. The most unfavourable situation 
is met when the ratio of reaction constants tends to one. 

A generally valid simple criterion, has been determined on basis of an analysis 
of a number of model data in the above given range of parameters, which enables 
to evaluate the safe application of the approximate model for calculation of selectivity. 
The error in determination of selectivities of the intermediate product R is always 
smaller than 12% relative, when 

hds < 0·4 for h1 ~ 50 . (14) 
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TABLE I 

Comparison of approximate and numerical selectivities for selected situations, (j = 99 

hi rBqB rRqR 
p*, approx. r, num. 

¢, approx. 
this study this study 

0'5a 0'3243 0'4436 0·952 0·953 0·656 

l a 0'8076 0·1773 1·210 1·218 0·927 

2a 0'8008 0·1637 1·553 1592 0·843 

5a 0·8008 0·1031 2·126 2·241 0·584 

10 0·1 0·1 1·312 1·286 0-407 

20 0·1 0·1 4 1·412 1·299 0·215 

20 0·1 0·1 10 1·360 1·295 0'489 

a Reference3. 

¢, approx. ¢, num. 
ref. 3 

0·656 0·656 

0·923 0·927 

0·823 0·841 

0·516 0·559 

0'484 0·415 

0·452 0·215 

0·623 0-484 

Error in ¢, % 

ref.3 this 
study 

0 0 

0'4 0 

2' 1 0·2 

7·7 4·5 

16'6 1'9 

110·2 0 

28·7 1-0 
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When hI < 10 and for hl/s < 1·25 the error is smaller than 8%. For hI = 0'5-60 
and for hIls < 0·3 the error is smaller than 13%. 

With regard to the limited validity of this model an attempt has been made for 
formulation of its more universal modification, which would be applicable also 
in the region beyond the criteria (14). The system of relations (1) to (3) with the bound
ary conditions (4) to (8) has been linearised so that the concentration of components 
in the reaction terms of right hand sides of Eqs (1) - (3) has been substituted by rei a-
tions 

(15)-(17) 

Concentration of component b has been, as in the case of the original trivial model, 
substituted by the concentration in the phase interface and the final concentration 
of component r has been substituted by the value r k which depends on the dimension
less parameter ~ . By integration of Eqs (1) and (3) with the corresponding boundary 
conditions and with regard to definitions (15) to (17) tlfe relations are obtained 

bi = 1/{1 - [1 - [3* - IX] hi/y'2} (I8) 

_ 1 - (h~bJy'2) (rBqB/rRqR) [1 + [3*(~ - 1) - IX] 
rk - 1 _ (hi/y'2S) [1 + [3*(~ - 1) - IX] . 

(19) 

Then 

(I') 
where 

Solution of Eq. (1') can be obtained by some of the known methods, e.g . by colloca
tion. 

Relations for the enhancement factor [3* and selectivity <f; can be then derived by 
the familiar procedure. The formally identical system of equations is obtained with 
that of Teramoto and coworkers3 which must be solved simultaneously with relations 
(I8) and (19). 

IX = y'/[y' cosh y' + y2<5 sinh y'] (20) 

[3* = (i ltanh y')(1 -IX/coshy') (21) 

[3: = (y'/tahnY')(l + 1X)(1 - l/coshy') (22) 

<f; = ~ = -([3:rRq Rr R/rA) + (h~rBqB - h~rRqR)IX<5 (23) 
dXB f3i rBqB/r A + hirBqBIX<5 
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(24) 

(25) 

(26) 

(27) 

(28) 

where v is the liquid volume related to the unit of interfacial area and Xl the thickness 
of the film. 

The given system of relations for selected ~col can be solved by a simple iteration, 
which converges very fast even for a very inaccurate first shot y'. 

In general the values qB and qR are not known in advance, but it is possible to determine 
them from equations 

(29) 

(30) 

The value Yfor the given XB is obtained by numerical integration of relation (23). For the given 
XB, Yand ~col the values of bi and rk are estimated and the relation (23) is checked. This procedure 
also leads surprisingly fast to the required result, but of course some of the familiar optimisation 
methods can be used . 

Correlation of the collocation point is empirical. It is obvious that for ~col = 0 
this model gives the original solution for a = 1, b = bi' r = r i while the maximum 

value ~col,max = 1. 

The optimum value ~col is a complex function of hi, s, rBqB and rRqR and has been 
determined empirically. 

For the region hi ~ 10 and s ~ 4 the relation holds 

(31) 

For s > 30 is into Eq. (31) substituted the value s = 30. For the region hi > 10 
the relation holds (again for s ~ 4) 

~col = 2·554. 1O- 3(h
l 

_ 0'5S)1.322 + 0·01 (rBqB )3 . 341 + (hi - 0'5s) . 2'91
3
.10-

3 

hi rRqR (rBq!l/rRqR) 
(32) 
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For (hi - 0·5s) < 0 is the value of the first and second term equal to zero. 
Application of Eq. (32) is limited by the value of criterion l/J ~ 0·1 for the region 

10 < hi ;£ 20. 

Criterion l/J for values rBqB and rRqR ~ 0·1 is given by relation 

where A = 1·2 for s < 10 and A = (1 - s. 10- 3
) for s ~ 10. 

This approximate model has at calculation of selectivity in average smaller devia
tions from the numerical solution and up to the value hi = 20 has a more general 
validity than the model by Teramoto and coworkers3

•
4

• The error is not exceeding 
12% reI. Some selected results are given in Table 1. 

LIST OF SYMBOLS 

= cAlcAi 
a i interfacial area of the gas-liquid system per unit of liquid volume (cm2 /cm3 ) 

Ar total interfacial area of I-g contact (cm2) 
b = CB/CBI 
bi = CBdCBI 
C concentration (mol/I) 
D diffusivity (cm2/s) 
hi = xl)(k l CAdDB) = (DA /k L •A) ) Ckl CAdDB) 

h2 = xl )Ck2CAd DR) = (DA/kL•A) J(k2CAdDR) 
k reaction rate constant (mol/Is) 
kL •A mass transfer coefficient of component A in liquid (cm/s) 
N reaction rate per unit of interfacial area (mol/cm2 s) 

qB = CBdCAi 
qBO = CBO/CAi 
qR = CRdCAi 

= CR/CRI 
rB = DB/DA 

rj = CRdCRI 
rk value of r dependent on dimensionless collocation parameter 

rR = DR/DA 
= klDR/k2DB ( = hi/h1) 

liquid volume per unit of interfacial area (cm3 /cm2) 
XB = 1 - CBdcBO conversion of component B 
xl liquid film thickness (em) 
Y = CRd CBO total yield of intermediate product R 

= CAtlCAi 
p. modified enhancement factor 
pi = P* - [-(da/de)~= d 
y2 = hIrBqB + h~rRqR 
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y,2 = hTrBqBbj + h~rRqRrk 
r A = y,2 /hib j 

rR = rdsbj - rBqB / rRqR 

MB = kCBODA /kt.A 
o = (v - Xl) / Xl 
.; = x /xl dimensionless distance 
iP momentary selectivity of intermediate product R 
iP' selectivity index 
If! criterion 

Subscripts 

A component A 
B component B 
col collocation value 
f liquid film 

gas-liquid interface 
bulk liquid 

R component R 
o feed 

first reaction represented by Eq. (1) 
second reaction represented by Eq. (2) 
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